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Abstract 

We investigate ACIS3/CFT2 correspondence in three dimensional supergravity. We 
construct a current for general coordinate invariance and that for local supersymmetry 
via covariant approach. Hamiltonian and supercharge are well defined in terms of vielbein 
and spin connection. After discussing asymptotic supersymmetry group at the boundary 
of AdS3 geometry we show that there exist a direct product of Virasoro algebras at the 
boundary. We also show that one of them is extended to super Virasoro algebra. 



1 Introduction 



One of important directions in string theory is the understanding of the correspondence 
between gauge theory and gravity theory [lj. From this correspondence, it is possible to 
predict physical quantities from the gravity side, such as correlation functions in the gauge 
theory at strong coupling limit [2J [3j. Although the gauge/gravity correspondence is not 
proved yet, it is widely applied to various fields and we get some insight into the gauge 
theory at strong coupling region. 

Among many works which support the gauge/gravity correspondence, it is very important 
to examine AdSs/CFT2 correspondence since both three dimensional gravity with negative 
cosmological constant and two dimensional conformal field theory are deeply investigated. 
In three dimensional gravity theory with negative cosmological constant, a vacuum solution 
which has negative energy is described by global AdS3 geometry[3]. And there are so-called 
BTZ black hole solutions as excited configurations [6]. In two dimensional CFT, a number 
of generators of the symmetry becomes infinite and they form a Virasoro algebra]?]. In 
1986, Brown and Henneaux have showed that there exist Virasoro algebras at the boundary 
of AdS3 geometry without employing string theory [8]. Applying this result, Strominger has 
succeeded to explain an entropy of BTZ black hole via Cardy formula[9j. Another important 
approach to the three dimensional gravity is the relationship between the gravity theory and 
the gauge Chern-Simons theory [TUl lllj . And it is possible to derive the Virasoro algebras at 
the boundary of the gauge Chern-Simons theory [T2| I13j. 

The purpose of this paper is investigate AdS3/CFT2 correspondence in three dimensional 
supergravity. It is expected that the Virasoro algebra at the boundary of AdS3 will be 
extended to super Virasoro algebra. In fact, Banados et al. have showed the existence of 
the super Virasoro algebra by using supersymmetric gauge Chern-Simons theory [14]. In this 
paper, we construct a current for the general covariance and that for the local supersymmetry 
in terms of vielbein and spin connection in a covariant way. In order to execute this, we 
employ Noether's method and Wald's covariant approach [I~5 | [16 | [T7] . 

We also examine asymptotic supersymmetry group which preserves the boundary be- 
haviors of the vielbein and the spin connection. We confirm that global AdS3 geometry 
corresponds to the ground state of Neveu-Schwarz sector and massless BTZ black hole does 
to that of Ramond sector [18]. 

Finally we evaluate variations of Hamiltonian and supercharge. These variations should 
close up to central extensions. We will explicitly calculate the central extensions and show 
that there exists a direct product of super Virasoro algebra and Virasoro algebra at the 
boundary. Central charge correctly matches with the results obtained in previous works. 



1 



Organization of the paper is as follows. In section 2, we check the general coordinate 
invariance and the local supersymmetry in three dimensional J\f = (1,0) supergravity. In 
section 3, the Noether current for the general coordinate invariance is constructed, and in 
section 4, that for the local supersymmetry is defined. We discuss properties of the asymp- 
totic supersymmetry group by solving relaxed Killing vector and Killing spinor equations. 
Finally in section 6 we discuss Virasoro algebras realized at the boundary. Section 7 is de- 
voted to conclusion and discussion. There are three appendices to support some technical 
calculations. 

2 Supergravity Lagrangian and Local Symmetry 

In this section we consider three dimensional supergravity which consists of a vielbein e a ^ and 
a Majorana gravitino ipu,. are used for space-time indices and a, b are for local Lorentz 
ones. Both fields contain no physical degrees of freedom, so it is possible to construct the 
action which possesses local supersymmetry. 

For simplicity, we consider J\f = (1,0) supergravity. Since our main interest is AdS3/CFT2 
correspondence, we also introduce negative cosmological constant A = — -m and its super 
partner. Then the action S or the Lagrangian C of three dimensional supergravity with 
negative cosmological constant is given by 

s = / A£ ~ isbf / d H R+ i - 5^"*-). ID 

where Gn is the gravitational constant in three dimensions. A matrix 7W"' is a completely 
antisymmetric tensor constructed by gamma matrix 7**. Notations and some useful relations 
of the gamma matrix in three dimensions are summarized in the appendix |Aj The symbol 
~ will be used when higher order terms on ip^ are neglected. In the above equation, O^ 4 ) 
terms are ignored. Through this paper, we use for the covariant derivative which acts 
only on local Lorentz indices. For example, D^ijj u = d^ v + \oJ l _ ia bl ab ipv, where oj^ a b is a spin 
connection. A curly covariant derivative is defined like 

V^ v = D^ipu + t^TmVv (2) 

A field strength ip^ v of the Majorana gravitino is defined by using the curly covariant deriva- 
tive as V M v = 2:D^Vv] • 

The action ([T]) is invariant under the general coordinate transformation and local super- 
symmetry. First, let us check the general coordinate invariance. Under general coordinate 
transformation x'^ = — the vielbein and the Majorana gravitino transform like vector 
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fields, 



= i v 3 v e\ + d^e%, 5^ = ?8 V % + d^u- (3) 

Then 5^e = ee^ a 5^e a fM = 5„(e^^), and the Lagrangian density e~ l C behaves as a scalar 
field. Therefore the variation of the Lagrangian under the general coordinate transformation 
becomes 

6 i :£ = d fl (e£). (4) 

Thus the action ([1]) is invariant under the general coordinate transformation. 

Next let us check TV = (1,0) local supersymmetry of the action ([1]) up to 0(ip 2 ). Under 
the local supersymmetry, the vielbein and the Majorana gravitino transform like 

S e e\ = ey a Vv, <^= 2P M e. (5) 

Here e{x) represents a space-time dependent parameter which belongs to a Majorana rep- 
resentation. Then the variation of the field strength of the Majorana gravitino is evaluated 
as 



5 e W~2[2VD 1/ ]e 

= ^Rab^l ab e + -plpue. (6) 

In the first line, the variations of the vielbein and the spin connection are neglected since 
these give 0(ip 2 ) terms. By using eq. ([6]) and employing relations of gamma matrices given 
in the appendix [A] the variation of the fermionic bilinear term in ([1]) becomes 

« e (-^7 FP ^) 

= -d p (eej^ v ) + \eR ab ^e{r vp ,l ab }^p + ^{7^,7^ 

= ^(ee*") +2eG%e 7 ^ a , (7) 

where 

1 / 2 \ 
G% = J?% - -e% \R + -p), 

VP = -rfP^ = -e^P^, (8) 

are equations of motion for e^ a and ip„, respectively. Since the variation of the fermionic 
bilinear term is obtained up to 0(t/j 2 ), it will be cancelled by that of purely bosonic terms in 
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the Lagrangian ([T]). The supersymmeric transformation of the purely bosonic terms in ([I]) 
is evaluated like 

S e {e(R + |) } ~ -2eG%I^ a + 2ee\e\D^ v ab 

= -2eG%e 7 ^ a + d^ee^e" , b S e oj u ab ) - D ^ee* a e v h )8 t u v ah . (9) 

Notice that the third term in the last line should be used to express the spin connection 
in terms of the vielbein and the Majorana gravitino. Details can be found in appendix iBl 
So the third term is neglected here and combining eq. (J7J) and eq. ([9]), the variation of the 
Lagrangian under the local supersymmetry becomes 

167rG N <5 £ £ ~ (2ee^ a e h ' b 5 e uj u ab + eel^) . (10) 

Thus the action (JTJ) is invariant under the local supersymmetry. 

3 Current for the General Covariance 

In this section, we construct a current for the general coordinate transformation, x'^ = 
X P — j n order to do this, we employ a covariant approach which is investigated in 
refs. [151 H3 IT?] - In stead of the metric, we regard the vielbein as a fundamental field since 
the Lagrangian (JTJ) is written in terms of the vielbein and the spin connection. The current 
is constructed up to 0(ip 3 ). 

First let us consider the variation of the Lagrangian (pQ). As in the previous section, we 
neglect the equation of motion for the spin connection which is solved to express the spin 
connection in terms of the vielbein and the Majorana gravitino. (See appendix[Bj) Then the 
variation of the Lagrangian becomes 

16nG N 5C = 2eG\5e fl a + e&f^ + a M (eG^(<5)), (11) 

where we defined 

9"(5) = 2e\e\bu v ah + VW^Vy (12) 

Now we identify the variation with that of general coordinate transformation 0. By using 
the relations 

b^ v ah = ?>d p u v ab + d u eoj p ab 

= eR ab P u+D u (e^ P ab ), (13) 

= rVVp + ^(Oa) - C(l^aa b i ab + ^Ya)^p, (14) 
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9^(£) = 9^(<%) is written as 



ee»(0 = VeEPy? + 2ee» a e v b D v (^u p ab ) 

= 2eRH v t v - [D v {2ee\e v b ) + \eJ~ul llvCT lab^}i p u P ab 
+ d u (2ee» a e» b ^p ab + e^V"'^) 



+ 2e(R» v - ^f P l wa l^)e + e£ CT (W^Vw + \T„l pvp ^ P ) 
= d v {2ee\e\e^p ab + e?%'f pv il>*) + 16ttG n ^£ 
+ 2e& v C + {A,l pup ^p + \Tal pvp ^u P ) ■ 



(15) 



The second term in the third line vanishes after expressing the spin connection in terms of 
the vielbein and the Majorana gravitino. Since = ^e lu , p ^ p , the last line also vanishes 
after imposing the equations of motion, G^ v = and ijiuv = 0. Here G^ u includes fermionic 
bilinear term and its explicit form is given in the appendix [Bj 

Let us apply Noether's procedure to construct a current for general coordinate invariance. 
Subtracting eq. (j4|) from eq. (fTTj) . it is possible to define the current up to 0(V> 3 ) as 



Q^ u (0 is some antisymmetric tensor which is necessary to make the variation of the Hamil- 
tonian well defined. In order to fix the form of Q^(£), let us examine the variation of the 
current (fTBT) . 



6{l&irG N eJ' l (g)) 

= K e@P (0) - IGnG^eSC + d u {5{eQ^(0) } 

= <S(e0"(O) - ed,{e@ u {5)) - 2eeG\5e\ - e^W^ + d„{5(eQ^(Z))} 

= etS{Z, 5) + d v {e(t v & t (S) - e&W) + ${eQ PU (0) } " 2e^G°^e i/ a - e^"*", (18) 



167rG N eJ M (£) 

= e e"(0 - 167rG N £"£ + d u (eQ^(0) 



(16) 



where 



(17) 
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where 

eaA£,5) = 6[eQ»(0) ~ 6^(eQ»(6g)). (19) 

Notice that 5^ represents the Lie derivative along £ direction, and the relation 5^[eQ fl (5)) = 
d v {e^ u Q fl {5)) — ed v ^Q u (5) is used to derive the last equation in eq. (fTS)) . u^(5, is called 
the symplectic current and antisymmetric under the exchange of 5 and 5^. The integral of 
its time component corresponds to the variation of the Hamiltonian. In order to make this 
variation well defined, we require the cancellation of the total divergent term like 

5{eQ^(0) = e(^e^(5) - ^(6)). (20) 

It is not obvious whether we can find Q^ u (£) which satisfies the above relation. However, 
the existence of Q^ u (£) is confirmed by examining an integrability condition in ref . [19] . As 
a summary, the variation of the current for the general coordinate invariance is given by 

«5(l67rG N eJ^(0) = d v {S{eQ^(0) + e(^G^) - } (21) 

The last line always contain equations of motion or their variations. Therefore, as far as 
we consider variations along the moduli space of classical solutions, the last line can be 
neglected. 

4 Current for the Local Supersymmetry 

In this section, we construct a Noether current for the local supersymmetry up to 0(ip 2 ). 
The variation of the Lagrangian ([I]) with equations of motion is given in eq. (jlip . so we 
identify the variation with the supersymmetric transformation 5 e of eq. ([5]). Then the total 
derivative term 0(e) = 0(<5 e ) becomes 

e0^(e) = 2ee" a e v b S e u) v ab + 2e^ 7 ^V p e 

= 2eeVVe^ a6 + d p {2ej~u^ up e) - 2eV~f vl ^e 

= 2eeVVew/ 6 - % (2ee 1 ^ p ) - eW. (22) 

The variation of the Lagrangian ([TJ) under the local supersymmetry ([5]) is already evaluated 
as in eq. (fTUj) . Subtracting eq. (fTUj) from eq. (f22j) . we can construct the current for the local 
supersymmetry as 

167rG N eS M (e) = eG^(e) - (2ee» a e u b 5 t u u ab + eW 1 ) 

= d v (eU» v {e)) -2eeW, (23) 
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where 



U» v {e) = _2e 7 ^Vp = -2e^q/y (24) 

The super current is expressed as a total derivative term up to the equations of motion. In or- 
der to examine whether the current is well defined or not, let us consider the supersymmetric 
transformation of the super current up to 0(tp 2 ). 

16ttG n S €2 (cS"(ei)) ~ 3„( - 4ee^elV p e 2 ) + eel^ vp [R abupl ah + ^7„ P )e 2 

= d v {2ed iV P(€2D p e 1 - e{D p e 2 ) } + AeG^eT^^- (25) 

The last equation is antisymmetric under the exchange of e\ and e 2 , so it is consistent with 
the anticommutation relation of the supercharge. 

5 Asymptotic Supersymmetry Group for AdS3 Geometry 

In previous sections, we constructed currents for the general coordinate invariance and the 
local supersymmetry. We also derived the variations of the currents. Our next task is 
to evaluate these quantities at the boundary of AdS3 geometry. In order to do this, it 
is necessary to find a symmetry group which preserves the asymptotic behavior of AdS3 
geometry, which is called asymptotic symmetry group. In our case, this group should be 
supersymmetric. 

At spatial infinity, the metric of AdS3 geometry becomes 

ds 2 = -N 2 dt 2 + r 2 # 2 + N~ 2 dr 2 , N = j, (26) 

where r is a radial direction and (j> is an angular one with < (f> < 2ir. This corresponds to 
the massless BTZ black hole. Then the vielbein and the spin connection take the forms of 

e° = Ndt, e 1 = rdcj), e 2 = N^dr, 

u\ = N'e\ u\ = -e\ (27) 
r 

where a, b = 0, 1,2 represent local Lorentz indices. The isometry of this geometry becomes 
5L(2,R) x 5L(2,R). 

Since we are only interested in the symmetry group at the boundary, we investigate gen- 
eral coordinate transformation x >fl = x M — £^ which does not change the boundary behavior 
of AdS3 geometry. Then the condition to be imposed for the variation of the metric is as 
follows. 

/ 0(1) 0(1) 0(r-!)\ 
h9vu = O(l) O(l) 0{r-^) , (28) 
\Oir- 1 ) 0(r- x ) 0(r~ 4 )/ 
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where u = t,<p,r. The behaviors of diagonal components are determined so that these 
go to zero faster than eq. (|26p as r goes to infinity. Then the behaviors of (J* and off 
diagonal components around the boundary are simultaneously fixed. The general coordinate 
transformation which satisfies the above condition is solved by 

e = e{T + (x + )+T^(x-)), 

^ = T + (x + )-T_(x-), (29) 
f = -r(5+T + (x+) + 9_T_(x-)), 

where = |±(/> and d± = ^(Idtdzd^). Thus the asymptotic symmetry group is parametrized 
by T + (x + ) or T_(x~). 

When T±(x ± ) are substituted by Fourier modes of 

T ±>n (x ± ) = ~e inx± , (30) 

the generators of asymptotic symmetry group are written as 

e±, n = e tnx d± - —e mx d r . (31) 

These form direct sum of two Virasoro algebras, [£±,m>£±,n] = —i(jn — n)^± )m+n . Notice 
that [C+, m )C-,n] = if there are no subleading terms in eq. (j29j) . 

Next let us examine a supersymmetric transformation e which satisfy a boundary condi- 
tion at spatial infinity. Because ip^ = for AdS3 solution, the condition for the supersym- 
metric variation is imposed as 

S e il>r = {Oir- 1 / 2 ) Oir- 1 ' 2 ) C(r- 5 / 2 )) . (32) 

Now the gamma matrix is chosen as 

^(J-o 1 ). ^=(!i). M'o 1 ?)- (33) 

Note that 7 012 = 1 and j ab = e abc ^/ c . The Majorana fermion e is decomposed into two 
Major ana- Weyl fermions in two dimensions, e± = ^(1 ±7 2 )e, and these satisfy 7 2 e± = dbe±, 
7 1 e = i- = T7°e± and 7 12 e-t = — 7°e±. Then each component of the left hand side of eq. (|3"2"T) 
is written as 

TV 2r 
S £ ip t = 28 t e - NN'^h - - 7 °e = 28 t e + + 2d t e_ - 7 °e+, 

<y e ^ = 2fye + iV 7 12 e + = 2fye+ + 2fye_ - y7%, (34) 
5 e i/j r = 2d r e + -^rzj 2 e = 2d r e + + -e+ + 2<9 r e_ - -e_. 
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The solution of eq. (|3"2j) becomes 

e = r 1 / 2 7 x(x + ) + e r ' 1 / 2 X '{x + ), (35) 

where x{ x+ ) is a Majorana fermion with = X- The solution depends only on x + , so the 
remaining local supersymmetry is chiral in this sense. Now we consider two solutions e\ and 
62- Dirac conjugate of e\ is written as el = — r lj,2 xJj° + lr~ x l 2 X\, so ei£2 and epy^ are 
evaluated as 

eT£2 = -£xi1°X2 +^Xi1 X2, 
eT7^e2 = Xi7°X2, (36) 

— r 1 \/ 

ei7 e 2 = -r(xi7 X2) • 

Notice that €17^62 is proportional to the x + dependent part of which is denoted as 
when Xi7°X2 = —ix\xi is proportional to T + . 

Let us consider the Fourier mode of e, which is labelled as e s . In order to fix the normal- 
ization of e s , we adopt the following relation 

e?Ai = -2< )S+ t, X T s Xt = 2T +yS+t . (37) 
Then Xs and e s are fixed as 

From eq. (f37"|) . it is clear that s + 1 should take some integer value. When s,t £ those 
modes are in so called Neveu-Schwarz sector. On the other hand, when s, t G Z, those modes 
are in Ramond sector. 

Now let us calculate S^e a p = ^ p d p e a M + d fl £ t p e a p , because the currents are constructed in 
terms of the vielbein. From eq. (|29l) . 5^e a ^ is evaluated as 

/ r(0 + T+-0_T_) 0\ 

<%e%= 5(a+r+-9_r_) o o . (39) 

V -5^.t + - 02 r _ -^(02 T+ _ 9 2 y 

It is, however, obvious that some off diagonal components do not go to zero faster that e a ^ 
as r goes to infinity. In order to avoid this problem, we employ local Lorentz transformation 
<5a e% = AV b M , where 

-d + T + + cLT_ & (02 T+ + 02 r _) 

A a b =l -0 + T + + 0_T_ ~ L {d 2 + T + -0 2 T_) I . (40) 

, :(02_T + + 02_T_) f(02T + -0 2 T_) ' 
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By redefining 5^e a p = ^ p d p e a ^ + d^ p e a p + A a f } e b fl , we obtain 



/o g(d 2 T + + d 2 T_ 

-g(9 2 T + -3 2 T_) I . (4i) 
\0 

In a similar way, we define 5^io p ab = £, p d p uj p ab + d p £ p uj p ab + A a c u p cb + A b c u p ac . After some 
calculations, the variation of the spin connection becomes 

/ o o -i(4r+ + aiT_ 

\-i(93r + + 5 3 r_) -i(a3 T+ _s3 r _) o 

/ o o -l{d%T + -d' i _T^ 

V-f(4r+-air_) -f(4T + + aiT_) o 

/ o o ^(d 2 T + + d 2 r_) 

k"r\=\ o o -^(<9 2 r + -d 2 r_) 

The variation of the spin connection also goes to zero faster that 0J p a b- These results will be 
employed to calculate central charges in the next section. 

6 Super Virasoro Algebra from Supergravity 

Now we are ready to construct super Virasoro algebra at the boundary of the three di- 
mensional supergravity. As discussed in section [3] and [H we have constructed the currents 
for the general coordinate invariance and the local super symmetry. Corresponding charges, 
the Hamiltonian and the supercharge, are obtained by integrating these currents over two 
dimensional space. 

First the Hamiltonian for the general coordinate transformation £ p is given by 
H{£) = j d 2 xeJ\i) 

= 77rW- U<P{eQ tr {t) + eQ tr (t)) 

167tG N J r= oo 

= jd<f> {e{2ee t a e r b u p ab - ^ p ) + eQ' r (£i)}. (43) 

The equations of motion are imposed in the second line. Note that the Hamiltonian is written 
only by using the boundary values, so the behavior of the geometry (|26|) is enough to discuss 
this quantity. In order to check the Dirac bracket of the algebra, let us take the variation of 
the Hamiltonian. 

SfrHfa) = = + (44) 
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The last term is the central extension of the algebra. 

Now we evaluate this quantity in the background of the massless BTZ black hole, eq. f)26f) 
with = 0- Now the energy is adjusted so that H(£) = 0. Thus K(£i,£ 2 ) = %>-ff(£i) an d 
from eq. (|2ip we evaluate 

- ^{2ee l a e v h b^ v ab + ee^<5 6 ^) } 

= -i^k It (4Ti+9 + r2+ + ^- 9 - T *-y ^ 

Here we used eq. f|29|) and the following relations. 



e%%e c (J = 0, ^e'ae r ^;' = 0, «5 ?2 e r fe = 0, 

e t a e r b e i ^ P ab = -l{2T 1+ d 3 + T 2+ + 2T 1 „d 3 _T 2 - + (0+T 1+ + 0_Ti_) (d 2 + T 2+ + 2 T 2 _) }, 

±(02t 2+ + 2 _t 2 _ 

eV^"* = I -1(0* T 2+ - 02 T2 _) I ; (46) 







£e r a eV&£V 6 = 0, 
^eV^" = -^+T 1+ + 0_Tx_) (02 T2+ + 02 r2 _). 

Notice that left and right modes are separated in a nontrivial way in eq. (|45p . If we substitute 
Fourier mode expansions of eq. (|3ip . we obtain 

k±,n H (€±,m) = -igj~rrn 3 6 m+nfi . (47) 

This gives the central extensions of left and right Virasoro algebras. By setting H (£±,m) = 
L^e imx± and identifying { , } with ], the algebra (|44p becomes 

c 



12 

c 

3f 



[^m> ] = (m - n)L m+n + ^m 3 £ m+ n,0, (48) 
where c = Tjjj- is the central charge. 
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Next we evaluate the Dirac bracket of the supercharge. The charge for the super trans- 
formation is written as 



F(e) = J d 2 xeS\e) 

d(f>eU tr {e) 



1 



167tGn 
1 



•2e^. (49) 



r=oo 



167tGn 

The equations of motion are imposed in the second line. It is obvious that the supercharge 
is zero in the background of = 0. The variation of the supercurrent is evaluated as 

5 e2 F(e x ) = F(e 2 )} = H(el 7 e 2 ) + K{e u e 2 ), (50) 

where K(e\, e 2 ) is the central extension of the algebra. Now we evaluate this quantity in the 
background of the massless BTZ black hole. Then K(ei,e 2 ) = 8 e2 F(e\) and from eq. (|25[) 
we obtain 

5 ^F{e x ) = — — I # (2exD 4> e 2 - 2e^V 4> e 1 ) 

107TGn J r =oo 

<fd<f> {2x1x2 -2X2Xi)- (51) 

J r=oo 



it 



16ttGn 

If we substitute Fourier mode expansions of eq. ([38]) . we obtain 

5 tt F{e s ) = -i^-s 2 5 s+tfl . (52) 

This corresponds to the central extension of the super Virasoro algebra. Notice that el7^et = 
— 2i^ s+t . Then, by setting F(e s ) = G s e lsx+ , the algebra ([50]) is expressed as 

{G s ,G t } = 2Lf +t + ^s 2 5 s+tfi . (53) 



Let us examine a consistency check of eq. (|50p . In order to check this expression, let us 
take the variation of 5 e2 F{e\). The calculation becomes as follows. 

%5 £2 F( ei ) = — ^— /#%(2eT^e 2 - 2e?D^ei) 

lb7TGN Jr=oo 



4T l+ d%T 2+ 

'r=oo 



16vrG N 

2tf 



167tGn 

%tf(-2^ 1+ ), (54) 
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where 617^62 = —2i^ + . Eq. (|50|) is correctly derived by integrating this equation. The third 
line in the above equation indicates the connection between three dimensional supergravity 
and the gauge Chern-Simons theory. 

Finally let us investigate the Dirac bracket of the Hamiltonian and the supercharge. By 
employing the results obtained in section it is possible to show the following equation. 

Me^Cei) = 4^ / <#er{fy#2V 2 + e+dpiV^) + ^7^2} 

= -5 £2 F(^ +ei ), (55) 

where is the general coordinate transformation of the asymptotic symmetry group which 
depends only on T + (x + ). We also defined 

^ + ei=£H £ i + ^ A *&'A 1 , (56) 

which satisfies 6^ ei = $ei<%+ — <% + ^er If we substitute eqs. ([3T|) and ([38]) . the above equation 
becomes 

(TXX \ 
— -Sj€m+s- (57) 



By integrating eq. (|55|) . we obtain 

<5 C+ F( ei ) = {F(ei), = -F(^ + ei). (58) 

Notice that the integral constant should be zero since F(e) = for ip^ = 0. By setting 
= C+,m and e\ = e s , eventually we get 

[L+,G s ] = (^-s)G m+s . (59) 



2 

In a similar way it is possible to show [L^, G s ] = 0. Therefore we conclude that there exist 
a direct product of Virasoro algebras at the boundary, and one of them is extended to super 
Virasoro algebra. 

7 Conclusion and Discussion 

In this paper, we have formulated the current for the general covariance and that for the 
local supersymmetry in three dimensional N = (1,0) supergravity. We employed Noether's 
method and constructed them in a covariant way in terms of the vielbein and the spin 
connection. In order to make the variations of the currents consistent, we referred Wald's 
approach and defined the Hamiltonian and the supercharge. 
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We also examined the asymptotic supersymmetry group which preserves the boundary 
behavior of AdS3 geometry. We solved the relaxed Killing vector and Killing spinor equa- 
tions and obtained explicit forms of the general coordinate transformation ^ and the local 
supersymmetry e. £^ consists of arbitrary functions of T + {x + ) and T_(af~), and e is written 
by an arbitrary function of x( x+ )- The vector constructed from the bilinear of two Killing 
spinors correctly matches with the Killing vector, and we found NS and R sectors for the 
supersymmetric states. As discussed in appendix [UJ the global AdS3 belongs to the NS 
sector and massless BTZ black hole does to the R sector. 

We evaluated the variation of the Hamiltonian under the general coordinate transforma- 
tion. This is written in terms of the Hamiltonian with central extension by using T + (x + ) and 
T-(x~). We also calculated the variation of the supercharge under the local supersymmetry. 
This is given in terms of the Hamiltonian with central extension by using x( x+ )- Inserting 
mode expansions of the Hamiltonian and the supercharge, we showed that there exists the 
direct product of super Virasoro algebra and Virasoro algebra at the boundary of AdS3. 

The Virasoro algebras of eq. (j48]) are not canonical form, that is, the central extensions 
are not like -^(m 3 — m). To make eq. fj48f) canonical form, we just shift Lq as 

L 'i= L t+Y± (60) 

Then the energy of the global AdS3 Ao is shifted from — g^j- to 0. And the effective central 
charge becomes c c s = c — 24Ao = c [20]. Thus it is possible to estimate the entropy of the 
BTZ black hole by using Cardy formula. 

The formulation developed in this paper is applicable to general supergravity theories [21) . 
For example, it is straight forward to generalize the procedure of this paper to M = (1, 1) 
supergravity. As a future direction, it is interesting to apply our formulation to the chiral 
supergravity which contains Lorentz Chern-Simons term [22] , it is also interesting to develop 
an extension to higher spin supergravity [[23]. 
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A Notation of the Gamma Matrix 



The gamma matrix in three dimensions satisfy the Clifford algebra, 

{ 1 a n b } = ^ ab , (6i) 

where r] ab = diag(— 1, 1, 1) and a, b = 0,1,2 denote local Lorentz indices. A space-time 
dependent gamma matrix is given by 7^ = e^ a ^ a , and a completely antisymmetric tensor 
ryUi—Hn [ s d e fi nec i so that a coefficient of each term becomes 1/n!. For example, 7^ = 
^{l p l u — 7^7^). In some calculations, we often need to evaluate products of antisymmetric 
tensors. Here we present some of them. 

l^lab = -6 7 [p V^ - Sl [p e\ a e\ 
\W /p ,Jab} = -6j [p e» [a e^ b] , 

7^V = - 2 7 P , (62) 
l P l pvp = l pup l P - 

Also we often use a relation for Major ana spinors x an d Tj, 

n(n+l) 

Xj^-^r) = a - rft^'^x- (63) 

In eq. ([2]), we introduced two kinds of covariant derivatives. acts only on local Lorentz 
indices and satisfy D p e a u = T a pu and D^ a = 0. From this we see that D^e a ^ = ^ a [ P i/] an d 
D p (e'y P)11 '"^ n ) becomes the order of 0(ip 2 ). Especially D^ / (e'y^ u/> ) = in three dimensions. 
It is helpful to note following relations. 



eD~^rf V = d p {exi pvp r]) ~ xD P {e^ p )v ~ e^T'Drf 

= d p (exr up ri)-ex^ vp D pV , (64) 
eV^r up V = d p {exi pup r,) ~ exi^Vp-q. 
Commutation relations of each covariant derivative are evaluated as 

[D p ,D v ] = - A R aHlul a \ 

[V p , V v ] = \R ab ^ ab + ^7^, (65) 

and covariant derivatives of the field strength of the Major ana gravitino with all indices 
antisymmetrized are calculated like 

£VVV] = \Rab[pul ab ^ P ] + 2^TWV"p]- (66) 
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B On the Spin Connection 

Let us consider the variation of the Lagrangian ([I]) and determine the spin connection in- 
cluding torsion part. The calculation becomes as follows. 

16ttG n S£ 

= 2e(R% - ~e%R - ^e\)5e» a - \iW P l p ^^u - ^f^V^y 
- 2ee» a e» b D u 5^ ab - -^pl^lab^J^ ~ ^e^ 7 ^ P 7a^^% 

= 2eG\5e p a + e&f P ^ p + d p (2ee p a e\bu v ab + e^^H*) 

+ (p v {2ee%e v b] ) - ^7^7^)^. (67) 



Equations of motion are defined as 

G\ = R% - \e\R - ie% - ^7*%^, 
W = = -e^% v . (68) 

Since e fJiUp ^ p = 2ip pv , equation of motion for the Majorana gravitino is simply written as 
ip^i; = 0. Each Term in front of 8uj p ab in eq. (I67p are expressed as 

e~ x D v (2eeV^]) = 2e p c 8 u e c p e p [a e u b] + 2d u e p [a e u b] + 2d v e" [b e» a] - 2u [ab f + 2e^ [a oj b] 

= -2e p c d v e c p e p [a e u b] - 2u [ab f + 2e p [a Cj b] , (69) 

= -^faYi> p e» b + ^fbY^a + ^fal^b, (70) 

where u b = to pb p and £o b = to b + e p c d u e c p e v b — e u c d u e c p e p b . Then the equation of motion for 
the spin connection becomes 

-2e p c d u e c p e p [a e u b] - 2cu [ab f + 2e p [a u b] = -h^f^b + ^WbY^a + ^fcfipb- (71) 

By multiplying e b p we obtain Cj a = \i) a l p ^p^ and by substituting this relation to the above 
we obtain 

w a/?7 - u)p ai = 2e 7c d [a e c p ] - -tpajjipp, (72) 
where ui ia p = uj~ fab e a a e b f3. The spin connection is given by 

w 7 q/3 = -e 7C 9 [a e c /3 ] + e ac 5 [/3 e c 7] + e^d^e ^ + -^aTy^ + ^[ a Jp]ip T (73) 
Notice that from eq. (|72p , antisymmetric part of the affine connection is written as 

r c [a/3 ] = D [a e c p] = Z ^7 C #- (74) 
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Taking the variation of this equation, we obtain 

D [a Se c m + -e d { p5u a f d = ^W^l c ^f}]- (75) 

The variation of the spin connection is obtained by a linear combination of these equations 
with indices cyclically rotated. 

SuJ p cde c ^e d u = 5ujp cd e c ^e d u + 5u) flcd e c L ,e d p - 5w I > cd e c p e d /i 
= —e D-8e c —e Dfie c +e Dbe c - 

, 1- 



+ ^pli^v ~ ^Stpol^p - 2<%>7p^£- ( 76 ) 

C Killing Vector and Killing Spinor for AdS3 Geometry 

Let us consider isometry of global AdS3 geometry and BTZ black hole. We will explicitly 
construct generators of the isometry for the global AdS3 and show that these form subalgebra 
of super Virasoro algebras. We also construct generators of the isometry for the BTZ black 
hole and show that these are time translation and angular rotation. For the extremal case, 
it is possible to find a generator for the local super symmetry. 
The metric of BTZ black hole is given by 

ds 2 = -N 2 dt 2 + r 2 {d4> + N*dt) 2 + N- 2 dr 2 , (77) 

N 2 = C + (^) 2 SG Nm , N* ^ 



m represents the mass of the black hole and j does the angular momentum. The black hole 
becomes extremal when m = ^. Global AdS3 is realized when m = — and j = 0. 

Let us consider the Killing vector equation 5^gp U = for the globally AdS3 geometry. 
The solution of this equation is given by 

I FL -I Bj. NB„ I -I- n. tP lx B+ -I Bj. -I / 



£ = ai e lx — d t + — ds NB r + a^e~ lx d t + — B s + -N3 r + a d + 

\2N 2r * 2 / \2N 2r 2 / 

/ r (N if \ / r fN if \ 

+ bielX ~ {m 81 ~ to 8 * ~ i Ndr ) + b ~ ie ~ tX ~ {m dt - to 8 * + i m ) + bod - (78) 

= a n L n + b n L n , 

n=-l,0,l n=-l,0,l 

where = | ± (f), N = \Jl + jz and a n , b n are some constants which satisfy a_i = a*, 
b-i = b\, Oq = ao and 6q = 6q- an d are properly normalized generators of the isometry 
and satisfy following commutation relations: 

[L m , L n ] = -i(m - n)L m+n , [L m , L n ] = -i(m - n)L rn+n . (79) 
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Therefore the global A0IS3 possesses SL(2, R) x SL(2, R) symmetry of Virasoro subalgebras. 

Since the BTZ black hole is constructed as a quotient space-time of global A0IS3, it also 
possesses SL(2, R) x SL(2, R) symmetry locally. Actually it is possible to solve Killing vector 
equation and obtain 6 generators. Among 6 generators, however, only time translation dt 
and rotation are consistent with the global structure of the geometry. Thus locally AdS,3 
does not possess symmetry of Virasoro subalgebras. 

Next let us examine supersymmetry of the geometry. Here we choose the explicit form 
of the gamma matrix as 

^-(?-o)- '-(?;)■ '-ft?)- 

Note that 7 012 = 1 and j ab = e abc -f c . 

Then Killing spinor equation <5 e Y> M = for the globally AdS3 is expressed as 

^ t = 2a t e+^(-Ar 7 ° + ^ 7 1 ) e = 0, 

5^ = 28^ + ( - AT 7 ° + jl 1 ) e = 0, (81) 
<5 e Vv = 2d r e + ^ 7 2 e = 0. 
Here e(x) is a space-time dependent Majorana spinor and solved as 

e = °v4 eix+ + c -v4 e_ ^ + (it-) (82) 

= ci /2 e+ +c_ 1/2 e _ , 

where c_!/ 2 = c^ 2 and A{r) = ^Jj + N. 

Note that the Killing spinor becomes antiperiodic along the 4> direction. This means 
that the globally AdS3 belongs to Neveu-Schwarz sector and preserves N = (1,0) local 
supersymmetry. When k+ = 0, BTZ black hole becomes extremal (j = —m€) and the 
Killing spinor is independent of the <fi direction. 




This corresponds to Ramond sector. 
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